Abstract. In this paper, we propose a 21-point finite-difference method for solving numerically the Helmholtz equation in 2-dimensional domain, which is a second order scheme. To discretize the Laplacian and the term of zeroth order, a weighted derivative and linear combination of the 21 points are employed respectively, with the weight parameters are determined by minimizing the numerical dispersion. Numerical simulations show that the method is more efficiency than 9-point schemes.
Introduction
The Helmholtz equation, also known as frequency-domain wave equation, is widely applied in many fields of science, engineering, and industry. With the deepening of its application, modeling the Helmholtz equation has been a hot topic in scientific computation. To solve the Helmholtz equation numerically, finite difference methods (FDM) [1] [2] [3] [4] [5] and finite element methods (FEM) [6] [7] [8] [9] are frequently used. For many wave-related problems, the finite difference method are preferred, since it is easily implemented and has less computational complexity.
Due to the "pollution effect" [6] , the 5-point central difference scheme performs poorly with a large numerical dispersion. To reduce numerical dispersion, the rotated 9-point difference scheme was proposed in [1] , which combined the classical Cartesian coordinate system and its rotated systems to discretize the equation. In [2] , mixed-grid and staggered-grid finite-difference methods were established, which include the rotated schemes. In [3] , the rotated 9-point scheme was proved to be not pointwise consistent, and a new optimal 9-point scheme was developed, which is pointwise consistent. In [5] , a new 9-point scheme was designed based on point-weighting, which is a robust one even if the step sizes in different directions are not equal. The high order scheme [10] [11] are also proposed to improve the accuracy, however, they are demanding with the smoothness of the right-hand side.
In this paper, we propose a 21-point finite-difference method for the 2-dimensional Helmholtz equation. We utilize the weighted second partial derivative to replace the original Laplacian, and use a linear combination of the 21 points to replace the term of zeroth order. The weight parameters are obtained by minimizing the numerical dispersion via the dispersion relation formula. Moreover, the new scheme is pointwise consistent, and is second order in accuracy. Finally, simulation results are given to demonstrate the efficiency of reducing the numerical dispersion.
21-point Finite-difference
Consider the 2-dimensional Helmholtz equation 22 2 22 0, uu ku xy
where u is the displacement,
is the wavenumber with f and v being the frequency and velocity respectively. Before discretizing Eq. 1, we first present the 21-point finite difference stencil with numbering in Fig. 1 
Then, the second partial derivatives mn are approximated respectviely by
Here, parameters 1 2 1 2 , , , 
Then, for the zeroth term ku. Except for (0, 0) , the remaining points are divided into 5 groups, which are shown in Fig. 1(b) . Finally, with Eq. 2, Eq. 3, Eq. 4, we obtain the 21 points difference scheme for Eq. 1
in which the parameters     will be determined later by minimizing the numerical dispersion.
Determination of Weight Parameters
Substituting Eq. 2-Eq. 4 into Eq. 5, then the 21 points difference scheme is given by 
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To determine the parameters , we   obtain   1  1  2  2  3  3  4  4  5  5  6   2  2  2  4 
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with N k being the numerical wavenumber , and In Fig. 3 , we present the normalized phase velocity curves for the new difference scheme and the optimal 9-point difference scheme in [3] . For the normalized phase velocity curves, the x-axis represents 1 As is observed from Fig. 3 , the 21-point difference scheme in this paper performs much better that the 9-point difference scheme in [3] , since the normalized phase velocity curve for the former is close to 1, while the curve for the latter deviates gradually from 1 with the decreasing of G . It means that the newly proposed difference scheme has a better performance in improving the numerical accuracy. We next use the new difference scheme to simulate Eq. 1 with a point source placed at the center of the computational domain. Fig. 4 presents the real part of the numerical solution at 50, 100 k  respectively, which confirms the effect of the new 21-point difference scheme. Here, the wavenumber is a dimenstionless one. 
Conclusion
In this paper, we develop a 21-point finite-difference method for Modeling the 2-dimensional Helmholtz equation, based on a weighted derivative and a linear combination of the gridpoints. The weight parameters are chosen by minimizing the numerical dispersion. Simulation results show that the new scheme is efficiency, and performs better than the 9-point scheme, especially when the number of gridpoints per wavelength is less than 4. Additionally, the new scheme is pointwise consistent, which is different from the rotated difference scheme.
